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Abstract
Among binary images of a Type II code over F2r with respect to the trace-orthogonal bases, it has been unknown whether the
minimum Hamming weights depend on the choice of bases or not; the minimum Hamming weights of the binary images of known
Type II codes have been independent of the choice of bases.
In this paper we give a complete list of Type II codes over F64 of length 8 up to a certain equivalence. This list shows us an
example of a Type II code of which minimum Lee weight depends on the choice of a basis.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
There has been much interest in the investigation of binary doubly even self-dual codes, called Type II codes (cf.
[14].) The concept of a Type II code has been generalized to self-dual codes over F2r , and also studied extensively.
As a construction method of binary Type II codes, in 1980s, Pasquier and Wolfmann gave self-dual codes over F2r
whose binary images with respect to a trace-orthogonal basis (TOB) are binary Type II codes, including the extended
Hamming code and the extended Golay code (see [10–12,15–17]). In these papers, extended Reed–Solomon codes and
H-codes were widely investigated. More precisely, extended Reed–Solomon codes and H-codes whose binary images
are extremal Type II codes of lengths 32, 40 and 64 were constructed (see [12]), and two classes of H-codes whose
binary images with respect to a TOB are Type II were found [17].
In 1991,Quebbemanndeﬁned “even codes” in [13] as the class of self-dual codes overF2r satisfying
∑
1 i<jn vivj=
0 for any codeword (v1, v2, . . . , vn). It was shown that the binary image of such a code with respect to any TOB is a
Type II code.
In 2000s, the class of self-dual codes over F2r whose binary images are Type II codes were studied in [3–5,1]. The
class was called Type II codes over F2r . This deﬁnition was shown in [2] to be independent of the choice of a TOB.
After that it was shown that the deﬁnition of Type II code was equivalent to the even code deﬁned in [13] (cf. [9].) In
these papers some basic properties and some classiﬁcation of Type II codes over F2r were given. Type II codes over F4
of lengths up to 16 were studied in [5,3,1]. The classiﬁcation of Type II codes over F8, F16 and F32 of lengths up to 8
was given in [4].
Generally, the Lee weights depend on the choice of a TOB. However, in these papers [3–5,1], we cannot ﬁnd any
Type II code whose minimum Lee weights depend on the choice of a TOB.
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The purpose of this paper is the following: the ﬁrst is to give the classiﬁcation of Type II codes over F64 of length
8. As a result, we ﬁnd an example of a Type II code over F64 whose minimum Lee weight depends on the choice
of a TOB.
2. Notation and deﬁnitions
We denote by Fq the ﬁnite ﬁeld with q elements. A code over F2r of length n is a subspace of Fn2r as a vector
space. An element of a code is called a codeword. A code C is self-dual if u · v =∑ni=1 uivi = 0 for any codewords
u = (u1, u2, . . . , un) and v = (v1, v2, . . . , vn) of C.
Deﬁnition (Quebbemann [13]). A Type II code over F2r of length n is a self-dual code satisfying
∑
1 i<jn
vivj = 0
for any codeword v = (v1, v2, . . . , vn).
The symmetric group Sn and the Galois group of GalF2r /F2 act on the set of Type II codes over F2r of length n. Let C
and C′ be Type II codes over F2r of length n. We say that C′ is permutation equivalent to C if C′ =C for some  ∈ Sn,
and C′ is equivalent to C if C′ = C for some  ∈ Sn × GalF2r /F2 . We denote by PAut(C) := { ∈ Sn | C = C} and
call it the permutation-automorphism group of C, and by Aut(C) := { ∈ Sn × GalF2r /F2 | C = C} and call it the
automorphism group of C.
A basis B ={b1, b2, . . . , br} of F2r over F2 viewed as a vector space over F2 is called a TOB of F2r if Tr(bibj )=ij ,
where Tr denotes the trace of F2r over F2 and ij is the Kronecker symbol.
Let B = {b1, b2, . . . , br} be a TOB of F2r over F2. For v = (v1, v2, . . . , vn) ∈ Fn2r , the binary image B(v) of v with
respect to a basis B is obtained by replacing each component vi by (v1i , v
2
i , . . . , v
r
i ) where vi =
∑r
j=1 v
j
i bj . The map
B is called the Gray map with respect to B. Note that B(v) depends on the ordering of the elements of B. However,
the resulting binary image B(C) of a code C is determined up to permutation equivalence. The Lee weight wtB(v) of
v with respect to B is deﬁned as the number of components equal to 1 in B(v). We denote
dB(C) := Min{wtB(v) | v ∈ C, v = 0}
and call it the minimum Lee weight of C with respect to B.
3. Basic results
In this section, we give properties of Type II codes over F2r .
Theorem 3.1 (Betsumiya [2]). Let C be a self-dual code over F2r . Then the following conditions are equivalent:
1. C is a Type II code over F2r .
2. For a TOB B, B(C) is a binary Type II code.
Theorem 3.2 (Munemasa [8]). The total number of Type II codes over F2r of length n is given by
NII,r (n) =
n/2−2∏
i=0
(2ri + 1) (1)
if rn ≡ 0 (mod 8) and n ≡ 0 (mod 4), and 0 otherwise.
Formula (1) is called the mass formula. In Section 4 we will check that the classiﬁcation is complete by means of
the formula from the following corollary.
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Corollary 3.3. Let {C1, C2, . . . , Ct } be a set of pairwise inequivalent Type II codes over F2r of length n. If the following
equality holds:
t∑
i=1
n! · r
|Aut(Ci)| = NII,r (n), (2)
then the set gives a complete set of representatives of equivalence classes of Type II codes over F2r of length n.
4. Classiﬁcation of Type II codes over F64 of length 8
In this section we will give a complete list of Type II codes over F64 of length 8 up to equivalence.
From now on we denote by  a ﬁxed primitive element of F64 with 6 + 4 + 3 + + 1 = 0.
Each Ci (i = 1, 2, . . . , 16) in Table 1 is a code over F64 of length 8 generated by a matrix (I A) where I is the 4 × 4
identity matrix and A is the 4 × 4 matrix described in the second to ﬁfth columns. It is easy to see that these codes
Ci (i = 1, 2, . . . , 16) are Type II codes over F64 of length 8. To see that the list gives a complete list of Type II codes
over F64 of length 8 up to equivalence, it sufﬁces to verify that, ﬁrst, these codes are pairwise inequivalent, and, second,
Eq. (2) holds.
For i = 1, 2, 3, 4, 11, 12, 13, 14, 15 or 16, each Ci is inequivalent to any others, since each of them is characterized
by the order of its automorphism group described in the sixth column of Table 1. The automorphism group is calculated
as the subset of S8 × GalF64/F2 which stabilizes a given code directly using Magma. For i = 5, 6, 7, 8, 9, 10, we have
veriﬁed their inequivalence by constructing their orbits under the group S8 ×GalF64/F2 . Hence each one is inequivalent
to the others in the list.
Now Eq. (2) is
16∑
i=1
8! · 6
|Aut(Ci)| = 532, 610 = NII,6(8).
Hence Table 1 gives a complete list and the following theorem holds.
Theorem 4.1. There exist exactly 16 Type II codes over F64 of length 8 up to equivalence.
The subset {0, 1, 21, 42} of F64 forms a subﬁeld, that is, F4, and the subset {0, 1, 45, 9, 27, 18, 54, 36} of F64
form also a subﬁeld, that is, F8.
Table 1
All Type II codes over F64 of length 8
First row Second row Third row Fourth row |Aut|
C1 0, 39, 31, 33 51, 43, 37, 51 47, 42, 22, 52 48, 8, 6,  1 · 6
C2 0, 13, 41, 36 45, 27, 27, 36 20, 62, 28, 59 34, 35, 55, 31 1 · 2
C3 0, 13, 41, 36 39, 11, 23, 39 31, 34, 35, 55 33, 51, , 52 1 · 1
C4 0, 0, 21, 42 13, 10, 53, 32 41, 17, 4, 46 36, 54, 51, 30 3 · 6
C5 13, 45, 12,  45, 13, , 12 12, , 13, 45 , 12, 45, 13 8 · 3
C6 0, 39, 31, 33 39, 0, 33, 31 31, 33, 0, 39 33, 31, 39, 0 8 · 3
C7 0, 19, 26, 9 19, 0, 9, 26 26, 9, 0, 19 9, 26, 19, 0 8 · 2
C8 33, 37, 25, 55 37, 33, 55, 25 55, 25, 37, 33 25, 55, 33, 37 8 · 2
C9 13, 51, 11, 34 51, 13, 34, 11 11, 34, 13, 51 34, 11, 51, 13 8 · 1
C10 13, 27, 62, 35 27, 13, 35, 62 62, 35, 13, 27 35, 62, 27, 13 8 · 1
C11 45, 45, 18, 54 45, 27, 36, 27 18, 36, 1, 9 54, 27, 9, 54 56 · 6
C12 0, 1, 1, 1 1, 18, 9, 36 1, 9, 36, 18 1, 36, 18, 9 96 · 6
C13 0, 1, 1, 1 1, 45, 29, 43 1, 29, 43, 45 1, 43, 45, 29 96 · 2
C14 0, 1, 1, 1 1, 47, 35, 24 1, 35, 24, 47 1, 24, 47, 35 96 · 1
C15 0, 0, 21, 42 0, 0, 42, 21 21, 42, 0, 0 42, 21, 0, 0 288 · 6
C16 0, 1, 1, 1 1, 0, 1, 1 1, 1, 0, 1 1, 1, 1, 0 1344 · 6
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The codes C11, C12, C15 and C16 can be deﬁned as Type II codes over the subﬁelds F8, F8, F4 and F2, respectively.
C16 is the extended Hamming code over F2. C15 is the direct sum of a pair of the unique Type II codes over F8 of length
4. C12 and C11 are the Type II codes C8,2 and C8,3 in [4], respectively.
5. Minimum Lee weights
In this section we discuss the minimum Lee weights of the codes in the previous section. The Lee weight is deﬁned
with respect to a TOB, hence it depends on the choice of a TOB. However, it has not been known whether there actually
exists an example of a Type II code over F2r whose minimum Lee weights depend on the choice of a TOB or not (cf.
[4].) Here, we show that such an example is found among the Type II codes over F64 classiﬁed in the previous section.
The total number of TOBs of F2r /F2 is 2r−1|Sp(r −2, 2)|/r! if r is even, |Sp(r −1, 2)|/r! otherwise, where Sp(r, 2)
is the symplectic group of degree r over F2 (cf. [7]). The order of Sp(2m, 2) is known (cf. [6]) to be
|Sp(2m, 2)| = 2m2
m∏
i=1
(22i − 1).
Hence, there are 32 TOBs of F64/F2, and they are given as {B1, B2} ∩ {B2ji | i = 3, 4; j = 1, 2, 3} ∩ {B2
j
i | i =
5, 6, 7, 8; j = 1, 2, 3, 4, 5, 6} where
B1 = {13, 38, 19, 41, 52, 26},
B2 = {3, 33, 48, 24, 12, 6},
B3 = {25, 38, 43, 11, 52, 29},
B4 = {25, 24, 53, 11, 3, 46},
B5 = {25, 26, 47, 31, 52, 46},
B6 = {25, 42, 48, 31, 3, 29},
B7 = {25, 43, 48, 47, 24, 55},
B8 = {25, 38, 42, 26, 53, 55}.
The minimum Lee weights of Ci for i =1, 2, 3, 5, 6, 7, 8, 9, 10 and 11 are 8 with respect to all TOBs. The minimum
Lee weights of Ci for i = 12, 13, 14, 15 and 16 are 4 with respect to all TOBs. The minimum Lee weight of C4 is 8
with respect to B1, B3, B6, B7, B8, and is 4 with respect to B2, B4, B5. That is, C4 is an example of a Type II code of
length 8 over F64 whose minimum Lee weight depends on the choice of a TOB.
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